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In this note it is shown that some new extensions of H–G–A inequality (i.e., the
harmonic–geometric–arithmetic mean inequality) can be established by using an integral
identity.
© 2010 Elsevier Ltd. All rights reserved.
For each natural number n ≥ 2, let a1, a2, . . . , an be real numbers with ak ≥ 0, 1 ≤ k ≤ n. If their ‘‘arithmetic mean’’
is defined to be An(a) = 1n
∑n
k=1 ak, their ‘‘geometric mean’’ to be Gn(a) =
∏n
k=1 ak
1/n, and their ‘‘harmonic mean’’ to be
Hn(a) = n∑n
k=1 a−1k
, then we have the following H–G–A inequality:
Hn(a) ≤ Gn(a) ≤ An(a), (1)
with equality holding if and only if a1 = a2 = · · · = an.
G–A inequality (i.e., the geometric–arithmetic mean inequality) is probably the most important inequality, and certainly
a keystone of the theory of inequalities. Twelve proofs of this basic result appeared in [1], each based on a different principle
or at least using a different device. Further generalizations and other proofs are given by [2,3]. The aim of this note is to give
some new interesting extensions of H–G–A inequality by using an integral identity, and so give a new proof which is very
simple and clear of H–G–A inequality (1).
Now, we give our main theorems.
Theorem 1. Let p, pk > 0 and
∑n
k=1
1
pk
= 1. Let a = (a1, a2, . . . , an) be a nonnegative real sequence. Then
n∏
k=1

(akpk)(pk(p−1)/n)+1
0((pk(p− 1)/n)+ 1)
1/pk
≤ 1
0(p)

n−
k=1
ak
p
, (2)
where 0(p) is the Gamma function.
Proof. Applying the following integral identity:
1
xp
= 1
0(p)
∫ ∞
0
tp−1e−xtdt, p > 0, x > 0 (3)
and the Hölder inequality, we have
1
n∑
k=1
ak
p = 1
0(p)
∫ ∞
0
tp−1 exp

−

n−
k=1
ak

t

dt
E-mail address: jc-kuang@hotmail.com.
0898-1221/$ – see front matter© 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2010.08.006
K. Jichang / Computers and Mathematics with Applications 60 (2010) 2204–2205 2205
= 1
0(p)
∫ ∞
0

n∏
k=1
(t(p−1)/n exp(−akt))

dt ≤ 1
0(p)
n∏
k=1
∫ ∞
0
tpk(p−1)/n exp(−akpkt)dt
1/pk
= 1
0(p)
n∏
k=1

0((pk(p− 1)/n)+ 1)
(pkak)(pk(p−1)/n)+1
1/pk
. (4)
It follows from (4) that
n∏
k=1

(pkak)(pk(p−1)/n)+1
0((pk(p− 1)/n)+ 1)
1/pk
≤ 1
0(p)

n−
k=1
ak
p
.
Theorem 1 is proved. 
Remark 1. Taking pk = n in (2), we get the following interesting inequality:
n∏
k=1
(apk)
1/n ≤

1
n
n−
k=1
ak
p
. (5)
If p = 1, then (5) reduces to (1).
By the same technique as was used in Theorem 1 one can similarly show the following Theorems 2 and 3.
Theorem 2. Let p, pk, qk > 0, and
∑n
k=1
1
pk
= 1. Let ak > 1, (1 ≤ k ≤ n). Then
n∏
k=1

(pkqk log ak)(pk(p−1)/n)+1
0((pk(p− 1)/n)+ 1)
1/pk
≤ 1
0(p)

n−
k=1
qk log ak
p
. (6)
Remark 2. Taking pk = n in (6), we get the following interesting inequality:
n∏
k=1
{(qk log ak)p}1/n ≤

1
n
n−
k=1
qk log ak
p
. (7)
If p = 1, then (7) reduces to
n∏
k=1
(qk log ak)1/n ≤ 1n
n−
k=1
(qk log ak). (8)
Taking bk = qk log ak in (8), we also get Gn(b) ≤ An(b). Hence, (2) and (5)–(7) are new interesting generalizations of G–A
inequality.
Theorem 3. Under the same conditions as for Theorem 1, then
n∏
k=1

(pka−1k )(pk(p−1)/n)+1
0((pk(p− 1)/n)+ 1)
1/pk
≤ 1
0(p)

n−
k=1
a−1k
p
. (9)
Taking pk = n in (9), we get the following interesting inequality: nn∑
k=1
a−1k

p
≤

n∏
k=1
apk
1/n
. (10)
If p = 1, then (10) reduces to Hn(a) ≤ Gn(a). Hence, (9) and (10) are new interesting generalizations of the harmonic–geometric
mean inequality.
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